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By developing the hydrodynamic theory of spinor superfluids we calculate the moment of inertia
of a harmonically trapped Bose-Einstein condensate with spin-orbit coupling. We show that the
velocity field associated with the rotation of the fluid exhibits diffused vorticity, in contrast to
the irrotational behavior characterizing a superfluid. Both Raman-induced and Rashba spin-orbit
couplings are considered. In the first case the moment of inertia takes the rigid value at the transition
between the plane wave and the single minimum phase, while in the latter case the rigid value is
achieved in the limit of isotropic Rashba coupling. A procedure to generate the rigid rotation of the
fluid and to measure the moment of inertia is proposed. The quenching of the quantum of circulation
h/m, caused by Raman induced spin-orbit coupling in a toroidal geometry, is also discussed.
Introduction. Irrotationality is one of the most im-
portant features exhibited by superfluids [1, 2]. It is at
the origin of phenomena of fundamental relevance that
have been confirmed experimentally both in superfluid
helium and in ultracold atomic gases, like the quenching
of the moment of inertia and the occurrence of quan-
tized vortices. At small angular velocities the forma-
tion of quantized vortices is energetically inhibited and
the moment of inertia of a superfluid, in the presence of
isotropic confinement, vanishes at zero temperature as a
consequence of the irrotationality of the velocity field. In
Bose-Einstein condensates (BECs) the condition of irro-
tationality is usually associated with the phase φ of the
order parameter, whose gradient fixes the superfluid ve-
locity according to the relationship v = (~/m)∇φ, where
m is the mass of atoms. However, even at T = 0, the
above irrotationality condition is violated in the presence
of spin-orbit coupling, as we will discuss in the present
Letter, with important consequences on the rotational
behavior of the system.
Raman-induced spin-orbit coupled Bose gases, charac-
terized by equal Rashba and Dresselhaus coupling, have
been the object of systematic experimental and theoret-
ical work in the recent years, following the pioneering
experimental realization of [3] (for recent reviews see, for
example, [4, 5]). These configurations are characterized
by the breaking of Galilean invariance which is respon-
sible for important consequences like, for example, the
breakdown of Landau’s criterion for the critical velocity
[6–8]. Using Bogoliubov theory and sum rule arguments
it has been recently shown [9] that the normal (nonsuper-
fluid) density of these systems does not vanish at zero
temperature, as happens in usual superfluids. In particu-
lar the normal density was calculated as a function of the
Raman coupling produced by two lasers that couple two
different hyperfine states, transferring momentum ~k0.
The effect is largest at the transition between the plane-
wave phase and the single-minimum phase, where the
motion of the fluid along the axis fixed by k0, completely
loses its superfluid nature even at T = 0, despite the fact
that the system is practically fully Bose-Einstein con-
densed [7].
The purpose of this letter is to investigate the rota-
tional properties of spin-orbit coupled Bose-Einstein con-
densed gas employing a generalized hydrodynamic for-
malism, allowing for analytic solutions in the presence of
harmonic trapping. In particular we prove the existence
of rotational solutions, characterized by diffused vorticity
and we calculate the corresponding value of the moment
of inertia [10]. Both Raman-induced and Rashba spin-
orbit coupled Bose gases will be considered.
Hydrodynamic formalism. Our starting point is based
on a variational formulation of the Gross-Pitaevskii equa-
tions in terms of the densities and the phases of the two
components of the spinor wave function
|ψ〉 =
( √
n1(r)e
iφ1(r)√
n2(r)e
iφ2(r)
)
. (1)
We will first consider the following Raman-induced 1D
spin-orbit single-particle Hamiltonian
Hsp =
1
2m
(px − ~k0σz)2+ 1
2m
p2y+
1
2m
p2z−
~Ω
2
σx , (2)
where p = −i~∇ is the canonical momentum and Vext
is the external potential. The two-body interaction can
be written in terms of the intraspecies and interspecies
coupling constant as Vint = 1/2
∑
αβ
∫
drgαβnα(r)nβ(r),
where gαβ = 4πaαβ are the various coupling constants
in different spin channels, with aαβ the corresponding
scattering lengths (α, β = 1, 2 label the relevant internal
hyperfine Zeeman states). In the following we will assume
that the coupling constants are equal (gαβ ≡ g). In most
of alkali atoms this is a good approximation [12] for the
description of the quantum phases here considered. In
the single-particle Hamiltonian (2) we have omitted the
Raman detuning term (δ/2)σz which can be set equal to
zero with a proper choice of the frequency shift of the
two lasers.
2The Raman-induced spin-orbit Hamiltonian (2) is
known to predict a second-order phase transition, occur-
ring at the value Ωcr = 2~k
2
0/m of the Raman coupling,
between the so-called plane wave phase, where all the
bosons occupy a state with wave vector k1 = ∇xφ1 =
∇xφ2 = k0
√
1− (Ω/Ωcr)2, and the zero-momentum (or
single minimum) phase where k1 = 0. The plane-wave
phase reflects the fact that the single-particle excitation
spectrum exhibits a double minimum for Ω < Ωcr which
reduces to a single minimum at the transition. The
second-order transition between the two phases was ob-
served experimentally in [13].
As shown in [9] the superfluid behavior of the spin-
orbit coupled Bose is deeply affected by spin-orbit cou-
pling. This is the consequence of the appearance of a gap
in the excitation spectrum that follows from the break-
ing of gauge symmetry invariance with respect to the
relative phase between the two spin components. The
presence of the gap has the important consequence of
blocking the relative phase of the two spin components
(φ1 = φ2 ≡ φ) not only in the ground state, but also
in the study of the low-frequency collective oscillations
(see Supplemental Material). This corresponds to the
hydrodynamic regime that will be employed to calcu-
late the moment of inertia. In the hydrodynamic regime
the energy associated with the Raman-induced spin-orbit
Hamiltonian then depends on three variables: the total
density n = n1 + n2, the relative density (spin magneti-
zation) sz = n1 − n2 and the phase φ [14]. Neglecting
quantum pressure terms proportional to the density gra-
dients, the energy functional takes the simplified form
E =
∫
drǫ(r) with the energy density given by
ǫ(r) =
~
2
2m
(∇φ)2n−~k0
m
(∇xφ)sz+1
2
gn2+Vextn−~Ω
2
n+
~
4
Ω
s2z
n
.
(3)
where, in the calculation of the Raman term
−~Ω√n1n2 cos(φ1 − φ2), we have set φ1 = φ2 = φ and
included only the term quadratic in sz. We have fur-
thermore considered the single- minimum phase where,
at equilibrium, ∇φ = 0 and sz = 0. The extension of
the formalism to the plane-wave phase, where the equi-
librium regime corresponds to nonvanishing values of ∇φ
and sz , is straightforward [14, 15] and the main results
will be given later.
Although the calculation of the moment of inertia does
not require a time-dependent approach, it is nevertheless
instructive to derive the general time-dependent hydro-
dynamic equations of motion which are obtained by ap-
plying the variational procedure δA = 0 to the action
A =
∫
dt
∫
dr~ [ǫ(r) + ~n∂tφ].
Variation of the action with respect to the phase φ
yields the equation of continuity
∂tn+
~
m
∇ · (n∇φ) − ~k0
m
∇xsz = 0 , (4)
where one recognizes the spin contribution that modifies
the definition of the current density along the x direction
according to
jx =
~
m
n∇xφ− ~k0
m
sz (5)
and is no longer uniquely fixed by the gradient of the
phase of the order parameter, as happens in usual con-
densates. The spin contribution to the current actually
can cause the violation of the irrotational nature of the
velocty field v = j/n.
Variation of A with respect to the total density yields
the equation for the phase ~∂tφ− ~Ω/2+ gn+ Vext = 0,
where we have ignored terms quadratic in the gradient
of the phase and in sz. Finally, variation with respect to
the spin density yields the novel equation
− ~k0
m
∇xφ+ 1
2
Ω
sz
n
= 0 (6)
which fixes a nontrivial relationship between the gradient
of the phase and the spin density. By releasing the condi-
tion φ1 = φ2, this latter equation would contain the time
derivative of the relative phase φ1−φ2; for this reason it
will be called the equation for the relative phase.
The above equations form a self-consistent set of equa-
tions accounting for the dynamics of a spin-orbit coupled
Bose gas. They can be used to calculate the low fre-
quencies excitations of the system, in both uniform and
trapped configurations as well as the response to slowly
varying macroscopic perturbations. In the limit of small
amplitude oscillations they reduce to a single equation
for the density fluctuations [14]
m∂2t δn−∇⊥ ·(gn∇⊥δn)−(m/m∗)∇x (gn∇xδn) = 0 (7)
which generalizes the hydrodynamic formalism of [17],
widely employed in the literature to describe the col-
lective oscillations of trapped Bose-Einstein condensates
in the absence of spin-orbit coupling [2]. In this form
the equation holds both in the single-minimum phase
(Ω > Ωc), where the density-independent effective mass
is given by m/m∗ = 1 − Ωcr/Ω, and in the plane-wave
phase (Ω < Ωc) where m/m
∗ = 1 − (Ω/Ωcr)2 [7]. Equa-
tion (7) provides a useful description of the low-frequency
(ω ≪ Ω) collective oscillations of the spin-orbit coupled
gas in the presence of harmonic trapping, including the
most important dipole oscillation along the x axis for
which one finds the result ωd =
√
m/m∗ωx with ωx the
oscillator frequency, as well as the propagation of sound
in uniform matter along the spin-orbit axis, characterized
by the dispersion law ω = q
√
gn/m∗.
Moment of inertia. The hydrodynamic formalism de-
veloped above is well suited to discuss the response to ex-
ternal fields. For example the linear response to a static
transverse current perturbation of the form Hpert =
−λPxeiqy, where Px = −i~∇x−~k0σz is the x-th compo-
nent of the physical momentum, gives access to the nor-
3mal (non superfluid) fraction according to the relation-
ship [19] ρn/ρ = limq,λ→0〈Pxe−iqy〉/λ. An explicit calcu-
lation, based on the equations of spinor hydrodynamics
in uniform matter (Vext=0), see Supplemental Material,
yields the result ρn/ρ = Ωcr/Ω in the single-minimum
phase (Ω ≥ Ωcr) and ρn/ρ = (Ω/Ωcr)2 in the plane-wave
phase (Ω ≤ Ωcr), in agreement with the findings of [9].
The moment of inertia is defined by the static response
Θ = limωrot→0〈Lz〉/ωrot of the system to an angular mo-
mentum constraint of the form Hpert = −ωrotLz where
Lz = xPy − yPx = −i~(x∇y − y∇x) + ~k0yσz (8)
is the angular momentum operator and ωrot is the an-
gular velocity. Because of its transverse nature, an-
gular momentum actually shares important analogies
with the transverse current coupling considered above.
The inclusion of the resulting perturbation Epert =
−~ωrot
∫
dr [n (r×∇)z φ+ k0ysz] in the energy func-
tional (3) affects the equation of continuity which at equi-
librium, where ∂tn = 0, takes the form
∇ · [(∇φ− ωrot × r)n]− k0∇xsz = 0 , (9)
as well as the equation for the relative phase:
− ~k0
m
∇xφ+ 1
2
Ω
sz
n
− ωrotk0y = 0. (10)
The equation for the total phase, in contrast, is not af-
fected by the coupling and provides the usual Thomas-
Fermi expression n = (µ0 − Vext)/g for the ground-state
density with µ0 fixed by the normalization condition.
It is now possible to derive analytical solutions of the
hydrodynamic equations (9) and (10) in the presence of
3D harmonic trapping: Vext = (1/2m)(ω
2
xx
2 + ω2yy
2 +
ω2zz
2). In the absence of spin-orbit coupling the moment
of inertia of a superfluid takes a nonvanishing value at
T = 0 only in the presence of a deformed trap in the plane
of rotation and is given by the irrotational value Θirrot =
δ2Θrig, where δ = 〈(x2−y2)〉/〈(x2+y2)〉 is the deforma-
tion of the atomic cloud and Θrig = m
∫
dr(x2 + y2)n is
the rigid value of the moment of inertia [20]. To better
exploit the effect of spin-orbit coupling in the following
we will assume that the harmonic trapping is isotropic
in the x − y plane (ωx = ωy) so that the term propor-
tional to ωrot in the equation of continuity (9) identically
vanishes. The hydrodynamic equations are easily solved
by the ansatz φ = αxy and sz = 2βyn. Combining the
relation α = k0β, provided by the equation of continuity,
with the one fixed by Eq. (10) for the relative phase, one
finds the result β = ωrotk0/(Ω − Ωcr/2) giving rise, in
the single-momentum phase, to the rigidlike form
v = (ωrot × r) Ωcr
2Ω− Ωcr (11)
for the velocity field v = j/n and the expression
Θ
Θrig
=
Ωcr
2Ω− Ωcr (12)
for the moment of inertia, reflecting the quenching of the
superfluid fraction of the system. A similar result can be
obtained in the plane-wave phase (Ω ≤ Ωcr) where the
factor Ωcr/(2Ω−Ωcr) of Eqs (11) and (12) is replaced by
Ω2/(2Ω2cr − Ω2). Remarkably, at the transition between
the two phases one has v = ωrot × r and Θ = Θrig, i.e.
the system rotates like a classical rigid body [22].
The rigid rotational flow derived above can be also
generated by adding a static spin dipole perturbation in
the direction orthogonal to the spin-orbit x axis. This is
simply achieved by a spin-dependent shift of the trap-
ping harmonic potential of the form (1/2)mω2yy
2 →
(1/2)mω2y(y − y0σz)2. The shift corresponds to adding
a static perturbation of the form Hpert = −mω2yy0yσz
to the original unperturbed Hamiltonian. Such a y-
dependent detuning was actually implemented in [3] in
order to generate an artificial magnetic field, causing the
appearance of quantized vortices in spin-orbit coupled
gases. The crucial point is that this perturbation coin-
cides with the most relevant spin term entering the angu-
lar momentum operator (8). One can carry out the vari-
ational calculation by including the perturbative term
Epert = −mω2hoy0
∫
drysz . Neither the equation of conti-
nuity (9), nor the equation for the phase (10) are affected
by the perturbation. The equation for the relative phase
is instead modified and can be written in the form (10)
with the proper identification
~
m
ωrot = ω
2
y
y0
k0
(13)
which defines an effective rotational frequency. One then
concludes that the spin-dependent shift of the potential,
applied to an isotropically trapped Bose gas in the x −
y plane, is exactly equivalent to applying the angular
momentum constraint −ωrotLz with ωrot given by (13).
In order to measure the induced angular momentum, and
consequently the moment of inertia, one can study the
precession of the collective oscillations in the x-y plane,
caused by the presence of angular momentum [2, 23, 25].
Quantized vorticity in a toroidal configuration. As a
further example of the effects of spin-orbit coupling on
the rotational properties of the Bose-Einstein condensed
gas we will consider here a toroidal confinement of radius
R and assume that the spin-orbit coupling is oriented
along the azimuthal direction of the torus [24]. This
can be in principle achieved using two Laguerre-Gauss
laser beams coupled to two different hyperfine states and
transferring angular momentum ~ℓ [28]. One can then
map the problem into the 1D spin-orbit configuration dis-
cussed above with proper periodic boundary conditions
for the phase of the order parameter, ensuring the single-
value nature of the wave function [31]. The discretization
of the single-particle levels can be ignored to the extent
that ℓ >> 1 and the stationary solutions of the hydro-
dynamic equations correspond to a uniform 1D density.
The only relevant equation is then the equation for the
4relative phase which, in the single-minimum phase, takes
the form −~k0n∂ϕφ/mR + Ωsz/2 = 0 with k0 = ℓ/R.
Looking for solutions φ = κϕ, with κ an integer number,
the circulation turns out to be quantized according to the
rule ∫
dl · v = κ h
m
(
1− Ωcr
Ω
)
(14)
in the single-momentum phase, while in the plane-wave
phase the factor Ωcr/Ω should be replaced by (Ω/Ωcr)
2.
For large values of ℓ the critical value of the Raman cou-
pling takes the form [32] Ωcr = 2~ℓ
2/mR2. Result (14)
shows that spin-orbit coupling has the effect of reducing
the value of the quantum of circulation and that the re-
duction is total at the transition (Ω = Ωcr). It is worth
noticing that interference patterns associated with the
presence of a persistent current in the torus, being as-
sociated with the quantized behavior of the phase, will
exhibit the same dislocation structure [33] exhibited in
the absence of spin orbit coupling. The observation of
the reduction of the quantum of circulation requires the
direct measurement of angular momentum carried by the
current employing, for example, Doppler techniques [34].
Rashba Hamiltonian. The hydrodynamic formalism is
naturally applicable also to the case of the 2D spin-orbit
Rashba Hamiltonian
HRsp =
1
2m
(px − kxσx)2+ 1
2m
(py − kyσy)2+ 1
2m
p2z+Vext
(15)
which is attracting a great interest because of the non-
Abelian nature of the associated gauge potential [5]. In
the following we will consider the case ky ≤ kx and we will
assume that the ground state corresponds to the plane-
wave phase where bosons occupy the same single particle
state with canonical momentum px = ~kx [35]. Simi-
larly to the case of the Raman-induced spin-orbit Hamil-
tonian (2) the Rashba Hamiltonian also exhibits a gap
in the excitation spectrum occurring at ∆ = 2~2k2x/m.
In this case the gap has the consequence of blocking to
zero the value of the z component of the spin density
(sz = n1 − n2) not only in the ground state, but also in
the low-energy excitations (see Supplemental Material).
Employing the same ansatz (1) for the order parameter
one can derive the expression
ǫR(r) =
~
2
2m
(∇δφ)2n−~
2ky
m
(∇yδφ)φRn+~
2k2x
2m
φ2Rn+
1
2
gn2+Vextn
(16)
for the hydrodynamic energy density, where we have
ignored unimportant constant terms, set sz = 0 and,
in the calculation of the spin-orbit terms 〈pxσx〉 =
~n(∇xφ)cosφR and 〈pyσy〉 = ~n(∇yφ)sinφR, we have
kept only terms quadratic in δφ = φ− kxx and φR. The
resulting energy functional has a close analogy with the
hydrodynamic expression (3) holding in the presence of
the Raman-induced spin orbit coupling discussed in the
previous sections [37]. The Rashba energy functional is
responsible for a spin contribution to the y component
jy =
~
m
n∇yφ− ~k0
m
nφR (17)
of the current density which is responsible for the emer-
gence of rotational components in the velocity field. The
linearized oscillations are described by the same form as
in (7), interchanging the x and y axis and with the ef-
fective mass given by m/m∗ = (1 − k2y/k2x). The hydro-
dynamic equation then provides the renormalized value√
gn/m∗ for the sound velocity along the y direction.
In the limit of isotropic spin-orbit coupling the velocity
of sound vanishes and the corresponding dispersion law
exhibits a quadratic dependence [38]. Analogously the
dipole frequency along the y direction in the presence of
harmonic trapping takes the value ω =
√
m/m∗ωy.
In a similar way one can calculate the moment of iner-
tia, by adding the constraint −ωrotLz = ωrot[i~(x∇y −
y∇x) − kyσy]. In this case one also finds that, in the
presence of isotropic harmonic trapping, the velocity field
takes a rigidlike form and the moment of inertia reduces
to the expression:
Θ
Θrig
=
k2y
2k2x − k2y
(18)
which takes the classical rigid value in the limit kx = ky.
Conclusions. We have shown that spin-orbit coupling
has a profound effect on the rotational properties of a
Bose-Einstein condensate, causing the violation of irro-
tationality and the appearance of rigid flow. This result
is the consequence of the breaking of the current-phase
relationship j = (~/m)n∇φ, characterizing usual super-
fluids, and follows from the violation of Galilean invari-
ance. We have described the dynamic behavior of spinor
condensates using a spinor hdrodynamic formalism, ap-
plicable to both Raman-induded and Rashba spin-orbit
coupled BECs. Spin orbit coupling has been shown to
give rise to a finite value of the moment of inertia (which
can even take the classical rigid value) in isotropic traps
at zero temperature, and to cause the reduction of the
quantum of circulation in toroidal configurations. The
hydrodynamic results presented in the present Letter
provide a natural basis to investigate the role of phase
and spin fluctuations in the presence of spin-orbit cou-
pling and to better understand the conceptual distinc-
tion between superfluidity and Bose-Einstein condensa-
tion. The understanding of the connection between the
disappearance of superfluidity in the hydrodynamic be-
havior, here predicted for isotropic Rashba coupling, and
the absence of the Berezinski-Kosterlitz-Thouless transi-
tion, recently investigated in two dimensions [39] using
the same isotropic spin-orbit configuration, is also ex-
pected to provide further insight into the problem of the
superfluid properties of spin-orbit coupled Bose gases and
on the role of dimensionality.
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